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Abstract
The aim of this paper is to prove that certain trees are spanning trees of the hypercube Qn.
We introduce a new family of graphs which span hypercubes and we characterize the double
starlike trees with maximum degree up to six that span a hypercube. We conclude by some
open problems about spanning graphs and partitioning the hypercube into vertex-disjoint cycles
of even lengths. c© 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
The hypercube Qn is the graph whose 2n vertices are the boolean vectors of length
n, with an edge joining two vertices if they di9er in exactly one coordinate. Qn
can also be recursively de:ned using the cartesian product [1] as follows: Q1 =K2
and Qn+1 =Qn K2: Qn can be decomposed into two copies of Qn−1 (denoted by
Q′n−1; Q
′′
n−1) whose vertices are joined by 2
n−1 edges of a perfect matching. These
edges are called parallel or of the same direction. We call this decomposition canoni-
cal. For u∈Q′n−1 and uv an edge of Q′n−1, we denote by u′= u|Q′′n−1 and u′v′= uv|Q′′n−1 .
We write u′ and u′v′ if there is no confusion.
For two graphs G and H; G spans H if there exists a one to one map 
 of V (G) into
V (H) such that if (u; v)∈E(G) then (
(u); 
(v))∈E(H). The graph Qn is a connected
bipartite graph with each part containing half of the vertices. We call such a graph
balanced or equitable. If G spans H; G is connected and H balanced, then G is also
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balanced. Thus, if a connected graph G spans Qn, then |V (G)|=2n; G is balanced
and the maximum degree of the vertices of G satis:es (G)6 n. All these conditions
together are necessary but not suGcient for a graph G to span Qn.
A star is a tree with only one vertex which is not an end vertex. This vertex is
called the junction and its degree is the number of paths. A starlike tree or quasistar is
a subdivision of a star. Clearly, a starlike tree is equitable if and only if it has exactly
one path of odd length. We write S(a1; : : : ; ak) for the starlike tree with junction vertex
u such that deg u= k and paths of length a1; : : : ; ak . Such a graph is called k-equitable
starlike tree. A double star is a tree with exactly two vertices which are not end vertices.
A double starlike tree is a subdivision of a double star in which the edge joining the
two central vertices is not subdivided. We write S(a1; : : : ; ak ; b1; : : : ; bs) for the double
starlike tree with central vertices u and v; k paths incident to v of length a1; : : : ; ak and
s paths incident to u of length b1; : : : ; bs. A double starlike tree is equitable if and only
if the number of paths of odd order adjacent to u is equal to the number of paths of
odd order adjacent to v. If k¿ s, we called such a graph a k-equitable double starlike
tree.
Havel [4] proved that 3-equitable starlike trees on 2n vertices span Qn, NebeskJy [6]
extended this result to 4- and 5-equitable starlike trees. Limaye [5] proved this result
for k =6, Harary and Lewinter [2] stated the following theorem:
Theorem 1. Every k-equitable starlike tree on 2n vertices with 36 k6 n; spans Qn:
Their proof relied on the following lemma:
Given a set of vertices {v1; : : : ; vs} of the same color in the bicoloration of Qn;
and a set of even positive integers {e1; : : : ; es}; such that
∑
ei =2n; then there
exist vertex-disjoint paths L1; : : : ; Ls containing e1; e2; : : : ; es vertices; respectively;
such that each vi is an end vertex of Li:
This is easily seen to be false by taking v1; : : : ; vs to be all neighbours of a vertex v
(with s= n), and none of the integers ei equal to 2. Nevertheless, this Theorem holds
by NebeskJy ’s [7] result.
Harary and Lewinter [3] proved that equitable double starlike trees with maximum
degree 3 on 2n vertices span Qn. In this paper, we introduce a new family of graphs
which span hypercubes and we deduce that both equitable starlike trees with maximum
degree 6 and equitable double starlike trees with maximum degree 6 are spanning
graphs of the hypercube.
2. Some properties of cycles in hypercubes
In this section, we give three lemmas about cycles in hypercubes that will be needed
to prove our main theorem in Section 4. In the whole paper, an edge is considered as
a cycle of length 2 in the hypercube.
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Claim 2. Let uv be an edge of Qn: There exists a Hamilton cycle of Qn which contains
uv and the 2n−1 − 1 other edges of the same direction as uv.
We can easily verify this claim by an immediate induction on n.
Lemma 3. For n¿ 4; let u1v1 and u2v2 be two parallel edges of Qn: Let a1 and a2
be two even positive integers such that a1 + a2 = 2n: There exist two vertex-disjoint
cycles C1 and C2 of order a1 and a2; respectively; in Qn such that u1v1 ∈C1 and
u2v2 ∈C2:
Proof. The proof is by induction on n.
We can easily verify the lemma for n=4. Now suppose that the lemma is true for
n¿ 4 and let u1v1 and u2v2 be two parallel edges of Qn+1. There exists a canonical
decomposition Q′n and Q
′′
n such that u1v1 belongs to Q
′
n and u2v2 belongs to Q
′′
n .
Case 1: a1 = a2 = 2n. We take a Hamilton cycle C1 in Q′n and a Hamilton cycle C2
in Q′′n and the lemma is true.
Case 2: a1 = a2. Suppose, without loss of generality, that a1¿ 2n and let a′1 = a1−2n.
Now take a Hamilton cycle C′1 in Q
′
n which satis:es claim 2, choose an edge u3v3 of
the same direction as u1v1 on the cycle C1 such that u′3v
′
3 is di9erent from u2v2. By
the induction hypothesis, there exist two vertex-disjoint cycles C′′1 and C2 in Q
′′
n of
order a′1 and a2 such that u
′
3v
′
3 belongs to C
′′
1 and u2v2 belongs to C2. The two cycles
C1 =C′1 ∪ C′′1 ∪ {u3u′3 ∪ v3v′3}\{u3v3 ∪ u′3v′3} and C2 are the required cycles.
Notice that the property of Lemma 3 does not hold for n=3.
Lemma 4. For n¿ 4; let u1v1; u2v2 and uv be parallel edges of Qn: Let a1 and a2
be two even positive integers such that a1 + a2 = 2n: There exist two vertex-disjoint
cycles C1 and C2, which do not contain the edge uv; of order a1 and a2; respectively;
in Qn such that u1v1 ∈C1 and u2v2 ∈C2.
Proof. The proof is by induction on n.
We can easily verify the lemma for n=4. Now suppose that the lemma is true for
n¿ 4 and let u1v1; u2v2 and uv be parallel edges of Qn+1. There exists a canonical
decomposition Q′n and Q
′′
n such that u1v1 belongs to Q
′
n and u2v2 belongs to Q
′′
n .
Case 1: a1 = a2 = 2n. Suppose, without loss of generality, that uv∈Q′n. Take a Hamil-
ton cycle C1 in Q′n such that u1v1 ∈C1 and which does not contain uv, and a Hamilton
cycle C2 in Q′′n such that u2v2 ∈C2 and the lemma is true.
Case 2: a1 = a2. Suppose, without loss of generality, that a1¿ 2n, and let u′2v′2=u2v2|Q′n .
Case 2.1: uv∈Q′n; u′2v′2 = u1v1 and u′2v′2 = uv. Take a Hamilton cycle C′1 in Q′n
which satis:es claim 2. Let u′v′= uv|Q′′n (u
′v′ = u2v2). By Lemma 3, there exist two
vertex-disjoint cycles C′′1 and C2 in Q
′′
n of order 2
n− a2 and a2 such that u′v′ belongs
to C′′1 and u2v2 belongs to C2. The two cycles C1 =C
′
1 ∪C′′1 ∪ {uu′ ∪ vv′}\{uv∪ u′v′}
and C2 are the required cycles.
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Case 2.2: uv∈Q′n; u′2v′2 = u1v1 or u′2v′2 = uv. Take a Hamilton cycle C′1 ∈Q′n such
that u1v1 ∈C′1 and which does not contain uv. Let xy be an edge on the cycle C′1 of the
same direction as u1v1 and let x′y′= xy|Q′′n (x
′y′ = u2v2). By Lemma 3, there exist two
vertex-disjoint cycles C′′1 and C2 in Q
′′
n of order 2
n− a2 and a2 such that x′y′ belongs
to C′′1 and u2v2 belongs to C2. The two cycles C1 =C
′
1 ∪C′′1 ∪{xx′ ∪yy′}\{xy∪ x′y′}
and C2 are the required cycles.
Case 2.3: uv∈Q′′n . There exists an edge xy∈Q′n such that u1v1xy is a cycle of
length 4 in Q′n, such that x
′y′= xy|Q′′n is di9erent from u2v2 and from uv. Let C
′
1 be a
Hamilton cycle in Q′n which contains u1v1 and xy. By the induction hypothesis, there
exist two vertex-disjoint cycles C′′1 and C2 in Q
′′
n of order 2
n − a2 and a2, which does
not contain uv, such that x′y′ belongs to C′′1 and u2v2 belongs to C2. The two cycles
C1 =C′1 ∪ C′′1 ∪ {xx′ ∪ yy′}\{xy ∪ x′y′} and C2 are the required cycles.
Lemma 5. For n¿ 5; let u1v1; u2v2 and u3v3 be parallel edges of Qn. Let a1; a2 and
a3 be even positive integers such that a1 + a2 + a3 = 2n(∗). There exist vertex-disjoint
cycles C1; C2 and C3; of order a1; a2 and a3; respectively; in Qn such that uivi belong
to Ci for i=1; 2; 3.
Proof. By (∗), there exist at least two integers ai ¡ 2n−1, say a2 and a3. For any
parallel edges u1v1; u2v2 and u3v3, there exists clearly a canonical decomposition of
Qn into Q′n−1 and Q
′′
n−1 such that:
u1v1; u2v2 are in Q′n−1 and u3v3 ∈Q′′n−1 (1)
or a decomposition such that
u1v1; u3v3 are in Q′n−1 and u2v2 ∈Q′′n−1: (2)
Thus, without loss of generality, we can assume that there is a canonical decomposition
with (1) and a1 + a2¿a3.
Let u′3v
′
3 = u3v3|Q′n−1 .
Case 1: 26 a26 2n−1 − 4.
Case 1.1: u′3v
′
3 = u1v1 and u′3v′3 = u1v1. Let a′2 = a2 and a′1 = 2n−1 − a2. By Lemma
4, there exist two vertex-disjoint cycles C′1 and C2 in Q
′
n−1 of order a
′
1 and a
′
2, which
do not contain u′3v
′
3, such that u1v1 belongs to C
′
1 and u2v2 belongs to C2. Let xy
be an edge on the cycle C′1 of the same direction as u1v1 and let x
′y′= xy|Q′n−1 .
By Lemma 3, there exist two vertex-disjoint cycles C′′1 and C3 in Q
′′
n−1 of order
2n−1 − a3 and a3 such that x′y′ belongs to C′′1 and u3v3 belongs to C3. The cycles
C1 =C′1 ∪ C′′1 ∪ {xx′ ∪ yy′}\{xy ∪ x′y′}; C2 and C3 are the required cycles.
Case 1.2: u′3v
′
3 = u1v1 or u
′
3v
′
3 = u1v1. Let a
′
2 = a2 and a
′
1 = 2
n−1 − a2. By Lemma 3,
there exist two vertex-disjoint cycles C′1 and C2 in Q
′
n−1 of order a
′
1 and a
′
2. Let xy be
an edge on the cycle C′1 of the same direction as u1v1 and let x
′y′= xy|Q′n−1 (x
′y′ = u3v3).
By Lemma 3, there exist two vertex-disjoint cycles C′′1 and C3 in Q
′′
n−1 of order
2n−1 − a3 and a3 such that x′y′ belongs to C′′1 and u3v3 belongs to C3. The cycles
C1 =C′1 ∪ C′′1 ∪ {xx′ ∪ yy′}\{xy ∪ x′y′}; C2 and C3 are the required cycles.
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Case 2: a2 = 2n−1 − 2.
Case 2.1: u′3v
′
3 = u1v1 and u′3v′3 = u2v2. Apply case 1.1 with xy= u1v1.
Case 2.2: u′3v
′
3 = u1v1 and u′3v′3 = u2v2. Apply case 1.2 with xy= u1v1.
Case 2.3: u′3v
′
3 = u1v1.
There exists another canonical decomposition of Qn into Q′n−1 and Q
′′
n−1 such
that u1v1 and u3v3 are in Q′n−1 and u2v2 in Q
′′
n−1. Apply Case 1 with this
decomposition.
3. MD(a1; : : : ; ak) graphs
In this section, we introduce a new family of graphs, denoted as MD graphs. We
prove that equitable starlike trees and double starlike trees are spanning subgraphs of
equitable MD graphs.
De$nition 1. Let uv be a given edge. We denote by MD (a1; : : : ; ak) the graph formed
by the edge uv and from k paths of order a1; : : : ; ak which are joining between them
the two vertices u and v such that a1 + : : : + ak =2n − 2 (Fig. 1). It is clear that
MD(a1; : : : ; ak) is bipartite if and only if ai is even for all i. We easily see that a
bipartite MD graph is equitable. Such a graph is called a k-equitable MD graph.
Claim 6. Every k-equitable starlike tree is a spanning graph of some (k−1)-equitable
MD graph.
Proof. Let S(a1; : : : ; ak) be a k-equitable starlike tree. Assume that a1 is odd. Let
v be the vertex adjacent to u on the path of order a2, and let w1; : : : ; wk be the
end vertices on the paths of order a1; : : : ; ak . Put an edge between w1 and w2 and
put edges between wi and v for i=3; : : : ; k. S(a1; : : : ; ak) is thus a spanning
graph of MD(a1 + a2 − 1; a3; : : : ; ak), and S is equitable implies that MD is equitable
(Fig. 2).
Claim 7. Every k-equitable double starlike tree is a spanning graph of some k-equitable
MD graph.
Fig. 1. The MD(2; 4; 8) graph.
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Fig. 2. S(3,4,4) which spans MD(6; 8) graph, the added edges are dotted.
Fig. 3. S(1; 2; 4; 3; 4) which spans MD(4; 4; 6), the added edges are dotted.
Proof. Let S(a1; : : : ; ak ; b1; : : : ; bs) be a k-equitable double starlike tree. Assume that
a1; : : : ; ai; b1; : : : ; bi are odd integers and that ai+1; : : : ; ak ; bi+1; : : : ; bs are even integers.
Let w1; : : : ; wk be the end vertices on the paths of order a1; : : : ; ak , and let y1; : : : ; ys
be the end vertices on the paths of order b1; : : : ; bs. Put edges between wi and yi for
i=1; : : : ; s, and edges between v and wi for i= s + 1; : : : ; k. S(a1; : : : ; ak ; b1; : : : ; bs) is
thus a spanning graph of MD(a1+a2; : : : ; as+bs; as+1; : : : ; ak), and S is equitable implies
that MD is equitable (Fig. 3).
4. Main result
Theorem 8. Every equitable MD(a1; : : : ; ak) graph on 2n vertices; with k6 5 and
n¿ k + 1; spans Qn.
As a consequence of Claim 7, we have the following corollary:
Corollary 9. Every k-equitable double starlike tree on 2n vertices; with k6 5 and
n¿ k + 1, spans Qn.
Proof. Consider an equitable MD(a1; : : : ; ak) on 2n vertices. Assume, without loss of
generality, that a16 a26 : : : ak . (∗)
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Fig. 4. Embedding of MD(6; 8) into Q4.
Case 1: k =2. Let a′1 = a1=2; a
′
2 = a2=2, B1 and B2 be the paths adjacent to u of
order a′1 and a
′
2, respectively, and let u1; v1 be the end vertices, other than u, of these
paths. Let B′1 and B
′
2 be the paths adjacent to v of order a
′
1 and a
′
2, respectively, and let
u′1, v
′
1 be the end vertices, other than v, of these paths. Let P1 be the path of order 2
n−1
formed by B1∪B2∪{u} and P2 be the path of order 2n−1 formed by B′1∪B′2∪{v}. Now
take a canonical decomposition of Qn into Q′n−1 and Q
′′
n−1. Consider an embedding A
of the path P1 in Q′n−1 such that x=
(u1); y=
(v1) and z=
(u). Take the same
path A′ in Q′′n−1 such that x
′=
(u′1); y
′=
(v′1) and z
′=
(v). The graph formed by
A ∪ A′ ∪ {xx′} ∪ {yy′} ∪ {zz′} is isomorphic to MD(a1; a2) (Fig. 4).
Case 2: k =3. For n=4, we can easily verify that MD(2; 2; 10); MD(2; 4; 8);
MD(2; 6; 6) and MD(4; 4; 6) are embeddable in Q4.
For n¿ 5, put a′3 = 2
n−1 − 2− a1¿ 0. By case 1, MD(a1; a′3) is equitable on 2n−1
vertices, spans Q′n−1. Thus, there exists an embedding MD
′ of MD(a1; a′3) into Q
′
n−1
such that x=
(u) and y=
(v). Let u1v1 be an edge of the same direction as xy on
the path of order a′3. In Q
′′
n−1, by Lemma 3, there exist two vertex-disjoint cycles C1
and C2 of order a′3 − a3 and a2 which contain u′1v′1 and x′y′, respectively. The graph
formed by MD′∪C1∪C2∪{xx′∪yy′∪u1u′1∪ v1v′1}\{u1v1∪u′1v′1∪ x′y′} is isomorphic
to MD(a1; a2; a3).
Case 3: k =4. Denote a′4 = 2
n−1 − 2− a1 − a2.
If a′4¿ 0, then MD(a1; a2; a
′
4) is equitable on 2
n−1 vertices, spans Q′n−1. Thus, there
exists an embedding MD′ of MD(a1; a2; a′4) into Q
′
n−1 such that x=
(u) and y=
(v).
Let u1v1 be an edge of the same direction as xy on the path of order a′4. In Q
′′
n−1,
by Lemma 3, there exist two vertex-disjoint cycles C1 and C2 of order a′4 − a4 and
a3 which contains u′1v
′
1 and x
′y′, respectively. The graph formed by MD′ ∪ C1 ∪ C2 ∪
{xx′ ∪ yy′ ∪ u1u′1 ∪ v1v′1}\{u1v1 ∪ u′1v′1 ∪ x′y′} is isomorphic to MD(a1; a2; a3; a4).
If a′4 = 0, then we have an MD(2
n−2 − 2; 2n−2; 2n−2; 2n−2). For n=5; MD(6; 8; 8; 8)
is easily seen to be embeddable in Q5. For n¿ 6, put a′2 = 2 and a
′
4 = 2
n−2 − 2,
hence, MD(a1; a′2; a
′
4) is equitable on 2
n vertices, spans Q′n−1. Thus, there exists an
embedding MD′ of MD(a1; a′2; a
′
4) into Q
′
n−1 such that x=
(u) and y=
(v). Let
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x1y1 and x2y2 be two edges of the same direction as xy, on the paths of length a′2 and
a′4, respectively. In Q
′′
n−1, by Lemma 5, there exist vertex-disjoint cycles C1; C2 and C3
of order a2 − a′2; a4 − a′4 and a3 which contain x′1y′1; x′2y′2 and x′y′, respectively. The
graph formed by MD′∪C1∪C2∪C3∪{xx′∪yy′∪x1x′1∪y1y′1∪x2x′2∪y2y′2}\{x′y′∪x′1y′1}
is isomorphic to MD(a1; a2; a3; a4).
Case 4: k =5. Clearly, we have a36 2n−1 − 6 (by (∗)). Let a′4 and a′5 be even
positive integers such that a′46 a4; a
′
5¡a5 and a1 + a2 + a
′
4 + a
′
5 = 2
n−1− 2. By Case
3, MD(a1; a2; a′4; a
′
5) is equitable on 2
n−1 vertices, spans Q′n−1. Thus, there exists an
embedding MD′ of MD(a1; a2; a′4; a
′
5) into Q
′
n−1 such that x=
(u) and y=
(v).
If a′4¡a4, then let u1v1 and u2v2, be two edges of the same direction as xy on
the paths of order a′4 and a
′
5. In Q
′′
n−1, by Lemma 5, there exist vertex-disjoint cycles
C1; C2 and C3 of order a4 − a′4; a5 − a′5 and a3 which contain u′1v′1; u′2v′2 and x′y′,
respectively. The graph formed by MD′ ∪ C1 ∪ C2 ∪ C3 ∪ {xx′ ∪ yy′ ∪ u1u′1 ∪ v1v′1 ∪
u2u′2 ∪ v2v′2}\{u1v1 ∪ u′1v′1 ∪ u2v2 ∪ u′2v′2 ∪ x′y′} is isomorphic to MD(a1; a2; a3; a4; a5).
If a′4 = a4, then let u1v1 be an edge of the same direction as xy on the path of
order a′5. In Q
′′
n−1, by Lemma 3, there exist vertex-disjoint cycles C1 and C2 of order
a5 − a′5 and a3 which contain u′1v′1 and x′y′, respectively. The graph formed by
MD′ ∪ C1 ∪ C2 ∪ {xx′ ∪ yy′ ∪ u1u′1 ∪ v1v′1}\{u1v1 ∪ u′1v′1 ∪ x′y′} is isomorphic to
MD(a1; a2; a3; a4; a5).
5. Unsolved problems
Consider Qn for n¿ 3. What is the greatest value kn of k such that for any k
parallel edges uivi; i∈{1; : : : ; k} and any set {e1; : : : ; ek} of even positive integers such
that
∑
ei =2n, there exist k vertex-disjoint cycles C1; : : : ; Ck of order, respectively,
{e1; : : : ; ek} with Ci using the edge uivi.
In Qn, we can :nd n − 1 parallel edges such that this partition does not exist. We
thus know that the maximum value of k is (n− 2).
We have k3 = 1; k4 = 2. We proved here that k5 = 3. Therefore, we think that kn= n−
2 for any n¿ 5.
Conjecture 10. For n¿ 5, let u1v1; : : : ; ukvk (k6 n − 2), be k parallel edges of Qn
and let a1; : : : ; ak be even positive integers such that a1 + : : : + ak =2n. There exist k
vertex-disjoint cycles C1; : : : ; Ck of order a1; : : : ; ak in Qn such that uivi belongs to Ci
for i=1; : : : ; k.
An adaptation of the proof of Theorem 8 shows that Conjecture 10 implies the
following:
Conjecture 11. Every equitable MD graph on 2n vertices with maximum degree n,
spans Qn.
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By Claim 7, Conjecture 11 implies the following:
Conjecture 12. Every equitable double starlike tree on 2n vertices with maximum
degree n, spans Qn.
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